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Because satellite designers cannot precisely eliminate small variations in delays among the
various signal paths within the spacecraft, GPS signals don't emerge from the satellite antennas
at exactly the same time or from the same location. If not accounted for, these delay offsets
would produce navigation fix errors for GPS users. In this article, the authors derive and explain
the modernized ionosphere dual- and single-frequency correction algorithms that will resolve
these inter-signal variations. They also explain how to modernize any new algorithm, how a
single ephemeris models the satellite location when each L-band signal may have separate
departure points, and why that one ephemeris might point to a location behind the satellite.
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he current version of the master GPS Interface Specifica-
tion document (IS-GPS-200 Rev D March 2006) contains
a new dual-frequency ionosphere correction algorithm
that is to be used with the modernized GPS space vehicles
(SVs) and their next-generation modernized GPS signals.

The Block IIR-M satellites add the new L2C, L1M, and L2M
signals on the existing L-band carriers. The Block ITF will also
transmit these signals as well as a new L5 signal on the recently
established L5 carrier.

Signals/ranging/modulation codes all refer to the various
GPS broadcast waveforms that can be present on the L1, L2, or

L5 carriers. These codes perform three functions: code division
multiple access (CDMA), processing/anti-jam gain, and indi-
cation of transmission time by providing each chip a unique
time-tag.

The “new” algorithm, which we refer to as “the modern-
ized ionosphere-free pseudorange algorithm,” contains a mix
of new parameters, inter-signal corrections (ISCs), and the leg-
acy scaled group delay differential parameter T . This article
describes why a new algorithm is needed, and how the new and
old parameters are combined.

With the U.S. Air Force set to begin broadcasting this fall
the first of the new CNAV navigation messages on the L2 civil
signal transmitted by the Block IIR-M satellites, an understand-
ing of these issues will be important for GPS receiver design-
ers, GNSS signal simulator manufacturers, and end users who
require high-precision results from their GPS equipment.

In our presentation, we will first derive the new algorithm
by using IS-GPS-200’s definition of delay error to model the
GPS satellite equipment delays. Then, working through the
various paragraphs on how to perform single- and dual-fre-
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quency corrections, we can reconstruct the new equations by
analyzing the modernized SV model.

Having this modernized model allows one to also derive
new results, such as a modernized version of the popular
alternative ionosphere correction algorithm — the ionosphere
pseudorange difference algorithm and understand why the new
algorithm offers a more accurate correction.

Background

Terrestrial users can experience between 3 to 30 meters of
ionospheric ranging error due to the effects of phenomena
encountered by signals propagating through the atmosphere.
At L-band frequencies for a nominal ionosphere, the mea-
sured ionosphere range is reasonably modeled as an error that
is inversely proportional to the square of the carrier frequency.
If no other significant frequency-dependent errors exist, two
ranging measurements on different L-band carrier frequencies
allow the ionosphere error to be eliminated.

In general, until now only Department of Defense (DoD)
receivers that track both the L1 P(Y) and the L2 P(Y) signals
could make such a correction. (Some civilian receivers can
track the DoD P(Y) code without a crypto key when the signal
to noise ratio is sufficiently “high.”)

With modernized GPS, however, civilian users will finally
have access to a second frequency, the new L2C and/or L5 sig-
nals. For DoD users, the new L1M and L2M military signals
will provide better cryptography as well as improved accuracy.
Moreover, because a pair of M codes will reside on different
carriers, dual-frequency ionosphere corrections capability can
be maintained on modernized GPS military user equipment.

Because we cannot precisely eliminate small variations in
SV equipment delays among the various signal paths within
the satellite, these new signals — as well as the legacy signals
— don’t exactly emerge from the satellite antenna at the same
time or from the same location. If not accounted for, these delay
offsets would produce GPS navigation fix errors for dual- and
single-frequency users.

Consequently, IS-GPS-200 provides one ISC for each signal
on each L-band. So, a Block IIRM SV with L1 CA, L1P(Y), L1M,
L2C, L2P(Y), and L2M, has six ISCs. A GPS follow-on Block
ITF satellite that also includes L5 and L5Q (in phase and in
quadrature signals, respectively) will have two additional ISCs.
Thelegacy T, parameter is really the ISC parameter for L2P(Y)
scaled by a constant, which we will discuss later.

We will use the following subscript notation when a pair of
L-band measurements is being discussed: Li,x will denote one
carrier frequency with signal x, and Lj,z will be used for the
second L-band carrier frequency and the signals on that carrier.
So for L1, Li=L1, and x=CA, P(Y), or M codes. For L2, Lj=L2,
and z=L2C, P(Y), or M. For L5, Lj=L5, and z=L5I or L5Q.

In all of the dual frequency correction algorithms, IS-GPS-
200 and IS-GPS-705 use the symbol y, to represent the ratio
of (fLi/ij)2 of the L-band carrier frequencies squared. If y is not
subscripted, one can assume that itis y ..

To understand where the small SV equipment-delay errors

come from, consider putting a picture to the words in para-
graph 3.3.1.7 of IS-GPS-200 in order to build up a model of the
modernized SV as shown in Figure 1.

According to paragraph 3.3.1.7, the SV-equipment group
delay for each signal is the amount of time it takes the signal
to start out from the common clock, travel through each code
generator, modulator, transmitter, tri- or quadraplexor, and
finally emerge from the satellite’s antenna. Thus, the total delay
consists of an electrical portion and an antenna portion.

Note that the SV antenna is effectively a two-element array,
made up of an inner-ring that produces a broader beam and
an outer ring that produces a narrower beam. As discussed in
the articles by C. Choi and by G. Mader and F. Czopek listed
in the Additional Resources section near the end of this article,
the two rings are effectively phased 180 degrees apart so that
the narrower beam is subtracted from the wider beam. As a
result, the power across the surface of the Earth over the 13-
degree half angle of the transmitted signal is approximately
constant.

Because the SV antenna is an array, it can have gain, phase,
and group delay variations across the beam, although for a
properly designed antenna array, any angular variations of
delay and phase would be small compared to the total signal-
in-space (SIS) error budget. Choi’s article notes the distinct
locations of the phase centers for each L-band — all signals
within an L-band sharing the same phase center, but it does
not discuss the group delay characteristics of the SV antenna,
nor does it discuss the possibility that each L-band signal may
have its own distinct group delay center.

As noted earlier, ISC ; is the difference of the transit delay
through the SV (including antenna) for LIP(Y) minus the
transit delay for the x' or z'* signal on the Li or Lj carrier. (It
is important to point out that the ISC values, one for each sig-
nal, are not affected by the common clock error modeled by a
second order polynomial with the coefficients a,, a, and a,,
broadcast in subframe 1, as noted in the center of Figure 1,
because this error is common to all signals and won’t contribute
to delay differences.)

The ISC values may age with time or change when redun-
dant components are swapped in as the satellite ages. Each sat-
ellite has its own set of ISC values. The legacy parameter T
is really ISC,,, |, scaled by (1-).

The ISCs for civil users are broadcast in Message #30 of
the CNAV dataset, and the M-code ISCs will be present in the
MNAYV dataset. The values are based on contractor-measured
data. For T, on-orbit data is also used, as discussed in the
article by B. Wilson et alia listed in Additional Resources.

Problem and Simplified Solution

In this section, we mathematically state our problem and pro-
vide a simplified derivation of the legacy versus modernized
ionosphere-free pseudorange algorithms by building up a pseu-
dorange error model that properly accounts for SV equipment
delays consistent with the IS-GPS-200 ISC parameters, but
without delving into the detailed IS-GPS-200 notation.
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Background: Definitions of Inter-Signal Corrections

LICA -
LIPY L
L2PY -
120 -
1M -
L5l

L3Q

LS H.

Triplexer

J — i

Quadraplexer

Antenna Angular Part

« . >
/ Elcctrical
Fa ISC; py =

Common clock error models I‘i[’, Lix |’ LEY - ‘I:r“ o ? Yy = -_|'-1
12

At =ag+a,(t-t, )+a, (-1, ) + At

Li.x

relintivity

FIGURE 1 Pictorial Summary of SV equipment delay. IS-GPS-200, section 3.3.1.7 states, “Equipment group delay: delay between the signal radiated
output of a specific SV (measured at the antenna phase center) and the output of that SV's on-board frequency source” We contend that antenna group

delay center per L-band per signal is the precise metric to use for each delay, but later we will show that the SV is made to operate as if there is a single

ephemeris and single emanation point.

We should note that, strictly speaking, IS-GPS-200 defines
the ISCs in terms of time-tag differences, not delay differences,
and it takes a substantial amount of effort and verbiage to prove
that the delay notation we use is equivalent to the time-tag
notation used in reference 1.

Also of interest is the fact that, historically, IS-GPS-200 was
written for engineers who were building entire GPS receivers;
thus, many of the compensation algorithms are stated in terms
of the delay lock loop’s code phase read-out of the time of trans-
mission as measured by the receiver. Only later is the final pseu-
dorange formed as the user time minus time of transmission
scaled by the speed of light, c.

For our full derivation of the new algorithm with all of the
exhaustive details, readers can download an extended version
of this article from the Inside GNSS website <www.insidegnss.
com>.

Although IS-GPS-200 can be tedious to read, a tremendous
number of insights can be gleamed from it. (As an aside, it
would be nice if a team of authors could write a companion
document to IS-GPS-200 that describes why certain decisions
were made, and to provide derivations, so that valuable knowl-
edge will not be lost as people retire.)

Problem Statement

Most readers are familiar with the legacy ionosphere-free dual-
frequency correction algorithm for the L1P(Y) and L2P(Y)
codes from IS-GPS-200, paragraph 20.3.3.3.3.3, as shown on
the left side of Figure 2.

Legacy vs. Modernized Dual Frequency Corrections

Start with a pair of _ A
L, and L; pseudoranges: P =Pros + R "+fL o Py PosHRep ¥ o 12 e
o Legacy: » Modernized: reduces to legacy:
Pionn,free = piano_free =
Porvas =V * Py | Py ™Yy P, + €2 USCy—y  18C,, ]
L2,PY LLPY Lz Y Li, > —¢oT
GD
1-y 1- Vi

Get an ionosphere

) = +R,,  +.
free pseudorange: Piono_free = Pros trop

0, = 1.54GDOPe1.70 0.

Where
— T =T,
I notery = A, S i ISCy =Ty~ Ty T é Coarr _Turr Tiarr
A R AL Ly L

FIGURE 2 Legacy versus modernized ionosphere-free dual-frequency

algorithms. Note that Tg is needed even for L1/L5 correction!

Given two pseudorange measurements P, ,, (in meters) at
two distinct L-band frequencies f,; and f, , with a true line-
of-sight term, p, ., a common frequency-lndependent tropo-
sphere error, R, . a frequency-dependent 7> ionosphere term,
and some 0531b1e measurement noise, in order to eliminate a
nominal 7= meter ionospheric ranging error IS-GPS-200 (para-
graph 20.3.3.3.3.3) instructs the user to form an ionosphere-free
pseudorange as:

_ PmLz,PY _y * mel.PY

Piono_ free = 1-y =Pros +Rtrop +e. €Y

where
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f“ (and in the future, y, = fL‘ toallow for L1/L2 or L1/L5))
L2 L]
Assume L1/L2 and the pseudo-range measurements in the
form of

A
Pros +Rtrop +F +..and pm“,w =Prost Rtrop + f_2+

L1 L2
With some simple algebra, one can see that multiplication

by the ratio of the frequency-squared term eliminates the jono-
sphere term, leaving an ionosphere free measurement.

mel,PY =

In Search of the Modernized lonosphere-
Free Pseudorange Equation

Although IS-GPS-200 notes in paragraph 20.3.3.3.3.2 that some
type of SV equipment-delay compensation has been done by
adjusting the clock offset coefficient a, it has not been explic-
itly modeled in any of the popular GPS textbooks. However,
the “rev D” version of IS-GPS-200 and IS-GPS-705 provide
the modernized ionosphere-free pseudorange equation that
accounts for hardware delay errors for either L1/L2 or L1/L5
measurement pairs.

Given that the x" signal on the Li"* L-band in a modern-
ized GPS SV has a unique hardware delay offset, 7,, seconds
— or, by scaling by the speed of light ¢ meters/second that is
+c o 7., meters — the equation is applied when one forms the
ionosphere-free pseudorange using measurements from differ-
ent signals on different L-band carriers, using either an L1/1.2
or L1/L5 measurement. This equation, which can also be seen
on the right-hand side of Figure 2, is as follows:

Py Vi Py, €2 UISCy—y; 0 ISC, ]
L-y;

In this new equation, note that all of the hardware errors
seem to be accounted for by differential effects, because the
only parameters in this equation are the inter-signal correc-
tions, which are defined as the delay difference relative to the
SV delay error of L1 P(Y) code, i.e., ISC, , u py— T1i.- Even
the legacy parameter T, is defined as: T w 21ISC,,,y / (1-y)
and is referenced to L1P(Y).

On the surface, it appears that the L1P(Y) is the master ref-
erence code to which all other codes are aligned. We will soon
see that this not the case.

Single frequency users who obtain ionosphere compensa-
tion from other sources are familiar with the legacy compensa-
tion equations. Note that the compensation equations as writ-
ten in IS-GPS-200 are expressed in terms of raw code phase
measurements prior to forming pseudoranges.

Figure 3 summarizes the key pseudorange equation followed
by the legacy algorithm on the left, and the modernized algo-
rithm on the right.

As defined in IS-GPS-200, a pseudorange is fundamentally
expressed as the difference between user time in the receiver, ¢ ,
and the time of transmission from the SV as measured by the
user at their receiver, ¢ | 1. (DOte these terms in the equation at
the top of Figure 3).

pzono _ free GD (Z)

Legacy vs. Modernized Single Frequency Corrections
- (At;v)Li,x

Modernized: IS-GPS-200, 30.3.3.3.1.1.1
For maximum accuracy, the single—
frequency L1 C/A user must use the
correction terms to make further
modifications to the code phase offset in
paragraph 20.3.3.3.3.1 with the equation:

t

5V _Li, x) sv_Lix tsv,unmmpensated

p’”n‘ AC (t

Legacy: IS-GPS-200, 20.3.3.3.3.2.
This correction term is only for the
benefit of “single-frequency” (L1
P/Y or L2 P/Y) users.

At,)py = At =Tgp

sv

(Atsv)LZPY = Atsv - yTGD (Atsv )Li,x = Atgv - TGD +ISCLi,x
where: AL, =a, +a, (t—t )+a, (t 1, ) A

removes common clock error, and (At, ), . is applied to final prange

FIGURE3 Legacy versus modernized single-frequency algorithms. The
legacy correction term is required by the fact that the SV clock offset
estimates reflected in the ag, clock correction coefficient are based on
the effective PRN code phase, as apparent with dual-frequency — L1

P(Y) and L2 P(Y) —ionospheric corrections. The modernized correc-
tion terms, Tgp, ISC;;c/nand ISC; ¢, account for the effect of SV group
delay differential between L1 P(Y) and L2 P(Y), L1 P(Y) and L1 C/A, and
between L1 P(Y) and L2 C, respectively.

Any corrections made to the measured time of transmission
are essentially corrections to the measured pseudorange with
a sign flip and scaling by the speed of light ¢ to convert time
into distance. Without getting bogged down in details, the SV
transmission time measurement is corrupted by a common
clock term and SV signal-specific equipment delays, unique
to each SV that are contained in the ISCs.

As indicated in Figure 3, all users must first apply the com-
mon clock polynomial correction using a second order polyno-
mial with coefficients 4, 4, and a, to the raw/uncompensated
transmission time measurement. (The transmission time mea-
surements are the raw code phase measurements, which are
extracted from the prompt-tap numerically controlled oscilla-
tor code phase of the delay lock loop).

For legacy L1P(Y)/L2P(Y) users, the left side of Figure 3
indicates that L1P(Y) and L2P(Y) single-frequency users are
to remove T from the LIP(Y) code phase measurement and
y s T, from the L2P(Y) code phase measurement. These cor-
rections are necessary due to a special compensation that is
embedded in the a, term to allow dual-frequency L1P(Y)-
L2P(Y) receivers to use the legacy ionosphere-free pseudorange
algorithm.

The right side of Figure 3 summarizes the modernized
single-frequency corrections generalized for any signal, which
involves removing T, - ISC,, from the x" signal on the Li"
frequency code phase measurement.

As noted earlier, IS-GPS-200 states that a special compen-
sation has been added to the a  term, but it does not explicitly
state or derive the actual term. Thus, our goals are to:

1. Derive:,

) [ISCLJ.,
l—yij

_mej;_Ylj.me,x Z_VU'ISCL,-,X]

p iono _ free

—c T,

the modernized ionosphere-free dual-frequency pseudor-
ange equation in section 30.3.3.3.1.1.2 of IS-GPS-200. .
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Simplified Derivation: Finding the Error Term
in Clock Offset ay

«Assume unique hardware
delay error for each signal
and insert P/Y errors into
iono-free pseudorange

«The remainder is the error

A
P, = Pros tCeTy, +F + Rtrop
Li

A
Ple,Py =Pros tCoTypy t—5+ R

2 trop
term, for LIL2P/Y it was fin
compensated for in the ag, A
term Popypy =Pros Y€ Tiopy t fz + Rtmp

L2

Insert above into:
_Pmu»y_y'Pm“w d _fLZI =0
Piono free _LIL2PY — 1— and y =-7~
-y sz
7 7 7
A A
(Pl.m tCeT,pyt fT +Rm;p)7 y '(pms t Tyt 7 + Rm)/v)
— L2 L
pmna,/m,uury - 1 -y '
Get an error term:
P, Pros TRyt € Lorr 7V note A y A
iono_free _L1L 2Py — PLos trop . rei AT
1 -y fu fu

(scale delay by speed of light ¢)

FIGURE4 Finding the implicit L1P(Y)/L2P(Y) error term

2. Compare the modernized ionosphere-free dual-frequency
pseudorange equation to the legacy equation

_ meZ‘PY -y mel.PY
Pionoiﬁ'ee - 1 _y

and explain why the L1P(Y) and L2P(Y) hardware delay
parameters don’t show up.

3. Derive all of the various single and dual-frequency com-
pensation options presented in the Rev D or later IS-GPS-
200 releases, sections 20.3.3.3.3.2 and 20.3.3.3.3.1, and
30.3.3.3.1.1.1.

4. Explain some of its curious properties of the modernized
correction algorithm, such as why the legacy L1/L2 param-
eter T comes into to play even when an L1/L5 correction
is done.

5. Using our SV transmission model, derive a modernized ver-
sion of the popular alternative ionosphere correction algo-
rithm — the ionosphere difference algorithm — that can
potentially deliver better performance when measurement
noise is present when the ionosphere term is slowly varying.

Simplified 1S-GPS-200 Modernized
lonesphere Algorithm Derivations
Our first task is to find the hidden term that is placed in the
constant term (a,) of the common clock model. We will use
the following coloring scheme to assist in the analysis when two
measurements from different frequency L bands are combined:
terms that are common to both measurements are blue, terms
that vary exactly as1/f,’ are purple, and terms that are different
on both measurements but don’t vary inversely with frequen-
cy squared are red. (Red is also used for hardware delays that
might be the same on each channel, but affect the pseudorange
compensation.)

Consider the following simplified model of the measured
pseudoranges. Starting at the satellite, the uncompensated
pseudorange measurement for any signal X’ on the i L-band

carrier ‘Li’, Am,, , will consist of the following elements:
» an SV clock error that will be common to all signals, which
after scaling by the speed of light c would be —c « ¢

clock_in_SV
in meters

« asignal and carrier unique hardware delay, +¢ * 7;; ,
+ the common true line-of-sight (LOS) range, R,
« anionosphere error term that has a inverse square frequency
dependence of — meters
« atroposphere term that is independent of frequency, R,.,
+ the user’s GPS receiver’s clock bias of ¢ « ,, in meters.
Note that the LOS pseudorange is the sum of the LOS range
and the receiver’s clock bias, or p, s = ¢ *f,,,. + R, .. Because the
common clock term, =€ £, ;, sy, is eliminated by the broadcast
clock coefhicients, for now we will not track that term in detail.
Thus, incorporating the assumed sign convention, a simpli-
fied pseudorange model that includes SV equipment delays is
shown in Figure 4.
Starting with a simplified pseudorange error model that
includes the compensation for the common clock, but not any
L1L2P(Y) precompensation of a, by ground control( denoted

with a “*”), the pseudorange model would be:
A
Pm*,zxszOS+C.TLi,x+7z+Rtmp (3)
; i
For L1P(Y) and L2P(Y) signals, they are:
A
pm‘u.PY = ProstCe TUJ’Y + 72+ Rtmp (4
L1
A
pm*Lz,Pv =Pros +c .TI,Z,PY +72 +Rtrop (5)
fiz

When inserting the foregoing equations into the ionosphere
free pseudorange algorithm,

Py, TV Py,

piono_free | 1— y (6)

the following two simple identities should be noted for weak
plasma ionospheres that vary as

A A A, f A
Riom} 3 _Rimw ., =7 1~ 2 (1_i) = 2 (1_)’) (7)
- - szl fL22 fLul fL22 anl
2
with y:f—L;

L2

Next, multiplying the L1 carrier frequency ionosphere error
by y produces the L2 ionosphere error,

A A
y ° Ri()mLLl = Y? = fz :Ri()n()7L2 (8)
L1 L2

Further Steps in Deriving the lonosphere
Correction Algorithm

From the two previous equations, one can see that, with two
simultaneous pseudorange measurements from different L-
band carrier frequencies, equation (6)

_ meZ,z_ y .mel,x
piono,free _T
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has the following properties:
1. Any term in each pseudorange measurement that is the
same for both measurements, such as the LOS pseudorange,

P,os OF troposphere error term, R, will be preserved.

2. Any error terms that vary exactly as1/f, such as the weak
ionosphere errors of — (in meters), will be eliminated.

3. Any error terms that are different on both L-band carrier
frequencies, such as the SV hardware delay errors 7, , will
remain and show up as a linear combination of the ‘indi-
vidual terms in each measurement.

Although this last point seems like a new error source, it
has always been present. The hardware delay errors were pos-
sible to ignore because they were automatically compensated
for when using LIP(Y) and L2P(Y), but with the new signals
these delays resurface because the compensation only worked
for LIP(Y) and L2P(Y).

Substituting the model for the uncompensated pseudorange
measurements reflected in equations (3-5) into the ionosphere-
free pseudorange expression (6), using the identities (7), and the
three listed properties, produces the following:

Simplified Derivation: The ag, on all signals

« Assume ag contains: T =Y * T
because ICD says any 1-y
L1PY/L2PY delay errors are automatically removed
o Then above term is subtracted off from all other measurements
- With simple algebra, we can show that the remainder is now an ISC
term and a T, term.

T VT A
P, = Pros ¥ C* G 17}) H’E +R,,
T =y
NOTE: 7, ——* . =-1ISC,,, + Ty
-y
and 30.3.3.3.1.1.1 confirms that-ISC,,  + T,

is the remaining error if you are a single frequency user

A
Thus: =post Coty, +—+R,,becomes

Li

P,

trop
T~V * T

A
,ISC,‘,“)+—Z+R 1=y

Li

FIGURE S The effect of moving the L1P(Y)-L2P(Y) error into ay,

difficult if not impossible to measure, one needs to eliminate

this term, at least for the LIP(Y)-L2P(Y) pair of signals.
To accomplish this, consider the following simplified argu-
ment (which will be formally proven in the

Pun,y, = Pros + ¢ +(Top when a,, absorbs

trop

Pronofee 11120y = Prnsar TV Py and y = f L1 full on-line article). If one were to use the
o 1-y fh ionosphere-free pseudorange as truth, mak-
A A ing it the master reference code to calculate
(Pros+€ #Tiapy + =5 +Ry)) =y 2(ProstCoTyy oy + 3 +R,pp) the clock polynomial coefficients, this would
Piono_ free_rL112PY = - - H (9) in effect subtract this term (9) from the full
N N 4 range and from each signal unique delay 7,, .
note:—— =y ¢ — Thus, if the ionosphere free pseudorange
fis I using a combination of LIP(Y) and L2P(Y)
myeT were the master reference code, the term
piunuffree?LlLZPY:PLOS+Rtrop 1y - | Tiapy =V * T py
The inverse frequency-square ionosphere terms, (2, are 1=y
removed, but signal-unique hardware delay error terms such as | would be subtracted off from any measurement model, equa-
7,, . remain. This is the term most people don’t recognize because | tions (3 through 5).

it has been removed from view for L1P(Y) and L2P(Y) users.

We will show in a later section, “Interpreting the Modern-
ized SV Model and Ionosphere Correction Equations,” that the
signal-unique delay error term in (9),

L2~ y LI\'
1-y

has a special meaning when the LIP(Y) and L2P(Y) codes are
used. We will also define a term, the Y-code ionosphere-free
delay center for L1IP(Y) and L2P(Y), or T

Toapy YV Thpy
I-y

and explain how it is used, how it affects users regardless of what
signals are being used, and give it a physical interpretation.
For now, consider equation (10) as an extra delay offset for
a “effective” ranging signal made up of a linear combination of
L1P(Y) and L2P(Y), that is, the ionosphere free LIP(Y)-L2P(Y)
signal. Given that an error term appears in equation (9) thatis a
mixture of absolute delay parameters 7,, , which are physically

YIFDC

T A

YIFDC =

(10)

Given that this term looks like a delay offset, it would be
built into the a, clock polynomial coefficient time offset. Sec-
tion 20.3.3.3.3.1 of IS-GPS-200 notes that the clock polynomial
has been adjusted so that LIP(Y) and L2P(Y) users will not see
any dual-frequency correction errors.

The offset term (10), T, py =V * T,y py

1-y

when differenced with any one of the absolute delay terms,
7,, » will produce a new term that is a function of only mea-
sureable delay differences and, in fact, will consist of terms
that are broadcast by ground control. This is summarized in

Figure 5.

Final Approach to the Equation

The following expressions will be extremely important in this

article and will later be recognized as the modernized single-

frequency compensation terms in IS-GPS-200.

T YV T
1-y

T =Typpe -7, =T+ 1SC (11)

Lix
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Equation (11) is derived in an appendix that will be pre-
sented in the extended version of the article posted online. Note
that strictly speaking, the T term is independent of frequency
and common to both measurements. However, because the pair
of terms together makes up the SV signal specific equipment
errors, we have left both terms in red.

From Figure 6, we conclude that when the ionosphere free
LIP(Y)/L2P(Y) pseudorange is used as the truth model to assist
in fitting thc clock polynomial, when the user corrects for the
common clock error using the modified second order polyno-
mial, with coefficients A Ay A that contains equation (10)
built into the a, term, the effective pseudorange error model
for all signals becomes equation (12):

)+A2 +R (12)

Li

P, = Pros t¢ o (I, —ISC

Li,x trop

Notice that we have removed the * in our designation
because the L1/L2P(Y) pre-compensation to a, has been
applied by ground control. Using (12) as the model of the
pseudorange, when (12) is inserted into the ionosphere free
pseudorange equation as shown in Figure 6, one can identify
the desired blue terms, place them on the left side, and solve for
them as a function of all other terms.

Thus, we insert:

A

P, = Pros T € (Top —1SCy ) +? +R,, (13)
Li
A

P, = Prostce (Tep - ISCLj,z) +? +R,, (14)
Lj

into

meZz _y ° melx

piono,free = T (6)

and it becomes

mej,z - yij * me,,X _

1- Yy

(pLOS tCe (TGL)_ ISC

Lj,z

fi

Simplified Derivation: Derive Modernized
Iono Free Equation

A
« (T ISCy ) Py, = Pros + ¢ *(Top —ISC, ) + ? +R

trop

is the error, Li
then A
\ P, TPros+ € (T, —ISCy; ) +F +R,,,
1L
P Vi P £ '
Evaluate noting y; == and collect p,,; +R,,, terms: -0
1=y L f 3
/
P = VyP (Prost o (T *M,_:)Jrj +R,,) =y o (pros+e o (T *ISC,HHF +R,,, )
. i Fmu, Lj Li
17}(/ lfyv
P =V * P co(=ISC,,_ +y,+ISC,,.)
my, i " P _ Pros +Rmp n Lz TV Lix) o T,
-y, 1-y;
_ PmLN “ Vi Pu,, tCe (ISCLf,Z —Vi .ISCLI,X)
Or Pos + lep = —Celgp
1 —Vi

FIGURE6 Modernized ionosphere-free pseudorange derivation using our

modernized pseudorange error model

Simplified Derivation: Back Compatibility check #1

Py, ~ Vi ® Py, TC° (ISCLj,z Y .ISCLl,x)
Pros T Ryop = . - 1 —Celgp
~¥;
Py ~V12® P,y TC° (ISCLLPY Y ISCI,LPY)
Pros + R{mp = —ce Ty
l_ylz
ISC,, .,
but: ISC,, ,, =0, —=-=T_
1 Ay
P"’Lzm’ _y12 * PlePY in
SO | Pros T Ryop = : . Y, =5
o " 1_))12 fLi

A A
)+ + Rtrup)_ Vi® (PLos TCe (TGL) _ISCLi,x)+ —+R

FIGURE 7 Simplified derivation of backward compatibility check for dual-
frequency L1P(Y)/L2P(Y) users. The new 1S-GPS-200 dual-frequency

ionosphere free pseudorange correction reduces to legacy version for
L1P(Y) and L2P(Y).

From Figure 8, it is interesting to
note that by shifting the a,, time offset
by equation (10), the remaining errors
on L1P(Y) and L2P(Y) scale exactly by
1/f7, which explains why the legacy

2 tmp)
L (15)

1- Yij
Then, if we collect the desired blue terms and place them on
the left side of the equation, noting that all of the purple terms
add to zero, after collecting all other terms and placing them on
the right hand side the final expression that remains is:

‘R = Py~ Vi® Py, TC .(ISCLj,z_Yij.ISCLi,X)
pLOS trop 1 _yij

Thus, equation (16) is recognized as the modernized iono-
sphere-free pseudorange equation. In Figure 7, one can check
for backward compatibility to see that (16) reduces to (6) when
one is only using L1P(Y) and L2P(Y).

One can also perform a second backward-compatibility
check on the single-frequency compensations, as shown in
Figure 8.

¢ Ty, (16)

equations work and why the legacy
ionosphere-free pseudorange equa-
tion only had to deal with perfect1/f;’ errors on L1P(Y) and
L2P(Y).

An interesting aside leads to a very pleasing rearrangement
of the modernized dual-frequency correction algorithm. First,
express the single-frequency corrections in IS-GPS-200 (Fig-
ures 4 and 8) in terms of a pseudorange. If the model of the
uncompensated measured pseudorange after doing the com-
mon clock correction is: A
Py, =Pros t€° (T, — ISCLi,X) + ? + Rtmp (12)

Li
then it is clear that to correct the pseudorange for the Li,x™
signal, one should subtract c « (T, - ISC,, ) from it (or due to
the sign flip, add this to the time of transmission measurement
as stated in IS-GPS-200).
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One can easily factor the modernized ionospheric pseudo-
range equation into a form that shows that each pseudorange
is undergoing a single frequency correction, and then being
processed for idealized dual frequency measurements as shown
below using some trivial algebraic manipulations.

_ PmL]-’z_)}{j .PmLivx+C.(ISCLj,z _y{j .ISCLi,X)

pLOS+Rfmp_ l—y —coT,
ij

GD

as written in IS-GPS-200
_ mejyz_yij .mei X+ Ce (ISCLj,z_yz} ° ISCLi,x)_ C'(l_y,'j)"];;y

+R,,, =
o l_yij l_yxj

P LOS

[PmL].)Z_C (Top— ISCLJ,Z)] —Vi* [pmm_c «(Tgp- ISCLi,x)]
1=y,

+R

Prost 0=

(13) or viewed in terms of single-frequency compensation being
applied first to each pseudorange.
When this equation is specialized to P(Y) code, one gets:

_ [Pmulpy —coyeTy)l-ye [Pm“,,,y —co(T;)] _
trop 1—)/ -

_ PmLz,PY _y ° mel,PY

_—1 5

+R

p LOS

As noted in the full on-line version of the article, if one
always applies the full single-frequency compensation to the
pseudoranges, then, one can always use an idealized dual fre-
quency correction algorithm that does not have to account for
the SV equipment delays.

Simplified Alternative Algorithm
Derivations

We can now use our modernized pseudorange error modeling
equations to derive the popular alternative ionosphere differ-
ence algorithm. Although the IS-GPS-200 ionosphere-free
pseudorange algorithm does the job of removing the iono-
sphere, it does so at a cost of amplifying any measurement noise
due to the y/ (1 -y) terms. For the L1/L2 bands, that term is
about 1.5 in value.

For most users near the surface of the earth, the ionosphere
term is not changing as fast as the line of sight pseudorange; so,
if one could isolate the ionosphere error and strip off time-vary-
ing pseudorange measurements, it would be possible to time-
smooth (low pass filter) the ionosphere term, and then subtract
the smoothed ionosphere term from each measurement.

Using our modernized pseudorange error model of equa-
tion (12)

A
P, =Pros t¢€ «(Top _ISCLI,X)+? +R

Li

trop

One can apply this model to the ionosphere difference algo-
rithm that has been discussed in popular GPS text books as
shown in Figure 9.

Simplified Derivation: Back Compatibility check #2
Modernized: (Aty,)1; = Aty - Top + ISCy;
For L1PY: because ISCy; py =0
thus: (Atg,)r1py = At - Top
For L2PY: because ISCy, py = (1 - y12)Tep
thus: (Aty,);, py = (Aty) = v Tep

ISC 12
T s

L2y _ —

. Y, ;
1- Yi2 fL)

note: ISC), =7,y T, ., ISC}, ,, =0,

where: At = ap + aﬂ(t Sl F ufz(t-tmc)z + At removes common clock error

relativity

and applied to final prange

FIGURE 8 Simplified derivation of backward compatibility check for
single-frequency L1P(Y)/L2P(Y) users. The new IS-GPS-200 single-

frequency compensation reduces down to legacy equation for L1P(Y)
and L2P(Y).

Modernized Alternative Algorithms: Ionosphere
difference algorithm

A
_and solve for —-using new model of pseudo-ranges
Li

Evalulate:p,, - p,

my;

. A
Py =Pros + € (T 715(‘1,1)()“»72 +R

o
A
P,y = Pros T (Top = ISC, ) +— +R,,,
Lj
A A
andget: p, - p, =—5-—5-c+(SC, —ISC, )
fL: Lj

A
L —a —yij) —c«(ISC,, —ISC,; )

Li
A Puy, " P, T oUSC, —ISC )
Solve for: — =—= .z . )
fi a- yij)

FIGURE9 Modernized ionosphere difference algorithm. lonosphere dif-
ference algorithm eliminates any fast-varying but common terms so

that smoothing on the remaining ionosphere term can be done, reducing
measurement noise effects.

In Figure 9, when one differences the two pseudoranges,
the ionosphere term becomes a function of the pseudorange
differences and ISC differences that, also viewed in terms of
the difference of single-frequency compensated pseudoranges,
can be expressed as the following:

A Puy, P, T «(ISC,, -ISC ;)
£ A-y;)
~ [PmL.,x_C o (T, —ISC, )]- [me],z—c
B -y,
If one specializes equation (17) to finding the L1 ionosphere
term when using P(Y) code on L1 and L2, it does not reduce

down to the legacy equations published in popular text books
due to the trailing T term,

= (17)

o (T, —18C;; )]
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Code Generators

X-Codes-
LICIA
Legacy LIPY
& L1M
Modernized
& Z-Codes-
Clack LC
LIPY

L2nE

Triplexer
or
Quadraplexer

L5 if Present

Y

Electrical

3
|
|

L
&
w

Antenna Spatial Part

A App Apy pelynm'tinial
|

Delay Center Distance from c.g., uncertainty bounds,
I and position independent delay offsets

Common
Clock Error

Perfect
Clock

LIL2LS

Assuming linear delay in it band

Code Navigation Model

FIGURE 10 Interpreting the ISC spatial and electrical terms shown in IS-GPS-200, sections 3.3.1.7 and 30.3.3.3.1.1.1. Under small angle approximation and

close delay center spacing, Tgp-ISCj; , aligns all signals to the L1/L2P(Y) ionosphere-free ephemeris.

A _ PmLm _PmL“,y +c .(ISCLI,PY | ISCLZ,PY) |

2 (18)
fi a-y
_ [‘D"‘u,w —Ce (TGD )]- [mez,py —Ce (yTGD)]
i -y =
Py~ Priyay
because ISC, =0 and ISC,, ,, =(1-y) T,

Although some creative book-keeping could be employed
to allow the published equations to be useable, it is far better
to start with a proper model of the pseudoranges that explicitly
accounts for the hidden L1P(Y)-L2P(Y) term in a . We will
address that task next.

Interpreting the Modernized SV Model and
lonosphere Correction Equations

In data published in an article by C. Choi (see Additional
Resources) on a prototype IIF antenna showed that distinct
spatially located phase centers exist for each L-band. So, in as
much as the ISCs contain delays due to electrical and antenna
terms, the delays for each signal on each L-band, 7, , contain
both an electrical and antenna lever arm term.

Our full article discusses the need for measuring group
delay centers, but for now we can settle on using phase center
data to illustrate our point about how to interpret the a, term
absorbing the L1P(Y)-L2P(Y) ionosphere-free SV equipment
delay error). Because distinct phase centers exist, the actual SV
equipment-delay error reflects the electrical errors and spatial
lever arms to the different L-band group delay centers as pic-
tured in Figure 10.

The bottom of Figure 10 shows that the effective SV equip-
ment model has a common clock error followed by distinct
delay offsets for each signal in each L-band and then up to three
lever arms: an L1, L2, and, if present, an L5 lever arm. If the
L band group delay centers are reasonably close together, and
for a properly working SV antenna that does not impart delay
changes with departure angle, then for small departure angles
from boresight (less than 13 degrees for ground users) the spatial
lever arm terms can be approximated by a delay about boresight
with respect to the total signal-in-space error budget.

Also, note that the ISC values, which contain the sum of
the electrical plus spatial antenna lumped into a delay, will
be broadcast to the user. As noted in the precise positioning
error budget, for receivers that operate in the greater terres-
trial sphere up to three kilometers in altitude, this requires the
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Delay Center Distance from c.g., uncertainty bounds,
and position independent delay offsets

Assuming linear delay in ith band
LIL2L5 Code Navigation Model

FIGURE 11 Interpreting the SV model: the agy offsetin terms of phase/
group delay center. As noted in numerous articles in the literature,
the modernized SVs have unique phase centers for each L-band signal.
Subtracting off the L1L2PY error term references the ephemeris equa-

tion to alocation that is the linear combination of the L1PY and L2PY
phase/group delay centers. That difference can be a negative number
placing the ephemeris behind the SV. Under small angle approxima-
tion and close delay center spacing, T, -1SC,;  aligns all signals to the
L1/L2PY iono-free ephemeris .

geometry to hold for up to 22 degrees off of boresight.
To interpret what it means to absorb the term

Tropy —V *Tripy

1-y
in Figure 5 into the a, coefficient, consider the following
thought experiment. If the LIPY signal was used as the master

reference signal, it would be easy to see that in Figure 5, 7, . is
subtracted from each pseudorange; thus, a) the residual error
would be -ISC; and b) the emanation point would be the
LIP(Y) delay center.

Under the small angle approximation, one can interpret the

subtraction of the term

Tapy ~V® Typy
1=y

from all pseudoranges and its absorption into the a, term (see

Figure 11) as placing the ephemeris of the satellite at the scaled

group delay center of L2P(Y) minus y times the delay center

for L1P(Y), all scaled by (1-y).

Thus, if the L1-minus-L2-scaled lever arms calculation
produces a negative number, the ephemeris of the satellite can
point to a location that is behind the satellite faceplate holding
the helical array. It could be within the SV or even completely
behind the SV depending on the actual values. It would still
be on a line parallel to helices, piercing the satellite at the mid-
point of the ring.

So, after the a,  term has absorbed the L1P(Y) and L2P(Y)
error, the effective SV model is that, under the small SV depar-
ture-angle approximation and with small distances between

T,

YIFDC =

(10)

the different L-band delay centers and a properly designed
antenna, the SV acts as if there is one ephemeris for all signals
by subtracting T, -ISC,; _from each pseudorange.

This causes all signals to become aligned with the mas-
ter LIP(Y)/L2P(Y) ionosphere-free pseudorange. Thus, the
LIP(Y)/L2P(Y) ionosphere-free pseudorange is the one signal
that rules all others.

Note that this is a brilliant solution to a difficult problem.
If L1IP(Y) were the reference, one would have to find a way to
accurately remove the ionosphere. By using the LIP(Y)/L2P(Y)
ionosphere-free pseudorange as the reference, as well as accept-
ing the error of

T A Tropy Y Tripy
YIEDC =
1-y

and pulling it into the clock term, it allows one to accurately
fit the clock polynomial, as long as one understands all of the
physical implications.

Because everything in the satellite clock fit is referenced
to the LIP(Y)/L2P(Y) ionosphere free pseudorange , this also
explains why T, an L1/L2 P(Y) term, is still needed for doing
an L1/L5 correction. When looking at the modernized iono-
sphere-free pseudorange equation,

Ponyy~ V5 P, FC€2(ISCyy . =y;0ISC ;)
Pros +R trop —
1 ¥y

—c e 15, (16)

although the two ISC values would cover the L1 and L5 signal
offsets, as noted earlier, the entire clock is fit to the L1P(Y)/
L2P(Y) pseudorange. So, one must always correct from one
L-band to the L1P(Y)/L2P(Y) “center point” and then proceed
to the other L-band.

In the full on-line version of this article <www.insidegnss.
com>, the entire model is developed from first principles and
aligned with the IS-GPS-200 notation developed in Figure 20-3
of IS-GPS-200.

GPS Constellation Simulators and Receivers
Don’t expect to see these effects incorporated into GPS con-
stellation simulators any time soon. Many of the GPS constel-
lation simulators can’t easily execute these models. They may
upload ISC values into the navigation messages, but they may
not be able to offset the ranging codes that are on the same
carrier or simulate different lever arms on the SV for each L
band.

In fact, it may be useful to find out just what your GPS con-
stellation simulator does for the L1P(Y) and L2P(Y) offset. The
physical delay difference between L1P(Y) and L2P(Y) in the
GPS constellation simulator hardware should be the ISC value
of ISC ,,,,, which is T, (1-y), and not T . There ought to be
separate lever arms for each L band and signal.

If simulator manufacturers are willing to use up multiple
hardware channels to individually create each signal separately,
then one SV out of the entire constellation could be made to
have ISC effects. They could not do that for the entire constella-
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tion, but for a single SV they could turn a 16-channel simulator
and into a 12-channel unit and use 4 channels to simulate one
SV with ISC errors for each signal.

We should also note that most GPS receivers have their own
L1/L2 delay offset added to all pseudoranges due to the front-
end bandpass filters. If one measures the receiver’s inherent
L1/L2 delay bias, it can be entered as a parameter to eliminate
a clock bias that occurs when all satellite signals go through the
receiver’s common front-end.

However, when using a simulator, there is no receiver anten-
na group delay, so one will need two sets of delay constants for
the receiver, with and without the receiver’s antenna. Some day
in the future, GPS simulators might include a true lever-arm
effect and also include a right hand circularly polarized (RHCP)
antenna polarization model.

Conclusions and Future Work

In this article, we derived the modernized ionosphere-free
pseudorange algorithm. This was done by explicitly showing
that when the L1P(Y)/L2P(Y) ionosphere-free pseudorange
with the inherent SV equipment delay errors is used to calcu-
late the final clock polynomial, moving the term

T - y o7 -
L2,PY L1,PY
l —

YIFDC —
1-y
into the a, term causes the user’s effective pseudorange model
to become:

Pmy,, = Pros t¢ o (T, - ISC

Li,x 2 trop

Li

)+fA+R (12)

By applying this model, all alternative ionosphere algorithms
can then be properly modernized. We have also explained why
the SV ephemeris location can be behind the SVs

As for future work, the ISCs have many other interesting
aspects. For example, IS-GPS-200 talks about “the phase center”
when in reality, there are multiple phase centers. In addition
to accounting for multiple antenna phase centers, it also seems
that the antenna’s group delay and antenna group delay center
ought to be used for a code-ranging model, and the antenna
phase center should be used for a carrier-ranging model.

It will also be interesting to see how precise ephemeris sites
such as that of the National Geospatial-Intelligence Agency
<http://earth-info.nga.mil/GandG/sathtml/ephemeris.htmI>
deal with the multiple phase centers and if the clock polynomi-
als account for delay offsets.

Finally, additional issues emerge concerning how to mea-
sure the ISCs: for instance, should a 10 to 90 percent rise time
or correlation model based on the optimal delay estimator be
used? All of these questions are being studied by a team of
Draper and MITRE researchers.
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